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Einstein field equations are second-order differential equations. In this paper, we propose a new
gravity theory with pure fourth-order field equations, which we call 4G for brevity. We discuss the
applications of 4G in cosmology, gravitational waves, and local gravitational systems. 4G predicts
the scale factor a ∝ t4/3 for the matter-dominated universe, and a ∝ t for the radiation-dominated
universe. The former can explain the late-time acceleration without suffering from the coincidence
and fine-tuning problems, while the latter can solve the horizon problem. 4G is a massless gravity,
which means the speed of gravitational waves equals to the speed of light. Based on the discussions
about exact vacuum solution and weak field approximation, we argue that Schwarzschild metric
should be the real physical metric to describe solar system in 4G.
I. INTRODUCTION
The accelerating expansion of the late-time universe
is one of the most mysterious phenomena in modern
physics. Current standard cosmological model is Λ-cold-
dark-matter (ΛCDM) model, in which the cosmological
constant Λ causes the late-time acceleration [1, 2]. Λ may
originate from quantum vacuum energy. So far, ΛCDM
model can explain most mainstream observations [3–5].
However, serious problems exist in the theory. The co-
incidence and fine-tuning problems are two representa-
tives. The coincidence problem states why the energy
density of matter and dark energy is on the same order
of magnitude at today [6]. The fine-tuning problem arises
from the huge difference between the observed dark en-
ergy density and the theoretical quantum vacuum energy
density [6].
Besides the cosmological constant, current mainstream
theories for explaining the late-time acceleration include
dark energy models and modified gravity theories (see [7–
12] for reviews). Dark energy models add new substances
(e.g. quintessence [13, 14], k-essence [15] and phantom
[16] fields) to the universe within the framework of gen-
eral relativity1. Modified gravity theories (e.g. f(R)
gravity [7, 8] and scalar-tensor theory [17, 18]) modify
the geometric term in Einstein field equations. To the
best of our knowledge, all of these theories retain the
Einstein-Hilbert term in the Lagrangian, which is benefi-
cial for them to recover the success of general relativity in
the local gravitational systems, e.g. solar system. Modi-
fied gravity could be a possible solution to the fine-tuning
problem [19] because it no longer requires quantum vac-
uum energy. However, all these theories (dark energy
models and modified gravity theories) need to introduce
parameters in the Lagrangian that relate to the Hubble
constant H0. This makes the theory imperfect as the
value of H0 depends on the time that humans appear
∗ tshuxun@whu.edu.cn
1 In this paper, general relativity refers to the original metric grav-
ity with Einstein equations Gµν = κTµν .
in the universe. In addition, none of these theories can
naturally solve the coincidence problem.
What kind of model does not suffer from the coinci-
dence and fine-tuning problems? Here we introduce sev-
eral non-mainstream models. One class of such models
does not modify the expansion dynamics of the universe,
and consider the late-time acceleration is just an appar-
ent phenomenon. Models with dimming of light [20–22]
or modified redshift relation [23–26] belong to this type.
However, the former would be excluded by the angular
diameter distance measurements [27], and the latter is
not practical because massive existing astronomical data
needs to be reprocessed in their own framework as the au-
thors mentioned. Some other models phenomenologically
modify the dynamics of the background universe, e.g.
power law cosmology [28, 29], or more specific Rh = ct
universe [30, 31]. From the value of χ2min/d.o.f., these
models perform well in fitting the data. But the problem
is these models cannot be used to analyze local gravi-
tational systems due to lack of a complete gravity the-
ory. The most promising theory should be the backre-
action theory [32], which retains general relativity and
advocates the late-time acceleration is just an effect of
cosmological inhomogeneity. The bad news is that the
development of backreaction theory is far from mature,
and the debate about whether it can work successfully is
widely exist in the literatures [33–38].
It is important to find a complete gravity theory, which
can explain the late-time acceleration without the coin-
cidence and fine-tuning problems, and recover the suc-
cesses of general relativity in solar system. In this paper,
we try a pure fourth-order gravity approach. The corre-
sponding field equations are pure fourth-order differential
equations, which we call 4G for brevity.
This paper is structured as follows. Section II explains
why 4G is a good theory through the applications on cos-
mology, gravitational waves, and solar system. Section
III analyzes the Newtonian approximation, and proposes
a physical scenario that enables 4G to recover Newton’s
law of universal gravitation. This can also be considered
as a supplementary material for the applications of 4G in
solar system. In Sec. IV, we propose the final version of
4G theory to solve the problems appear in the previous
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2two sections. Conclusions and discussions can be found
in Sec. V.
Conventions: G is the gravitational constant, c is
the speed of light, κ ≡ 8piG/c4, the metric signa-
ture (−,+,+,+). ∂µ and ∇µ represent partial and
covariant derivatives, respectively. ∇µ ≡ gµν∇ν and
 ≡ ∇µ∇µ. The Greek indices run from 0 to 3, and
the Latin indices run from 1 to 3. Christoffel symbol
Γλµν ≡ gλα(∂νgµα + ∂µgνα − ∂αgµν)/2, Riemann tensor
Rρλµν ≡ ∂µΓρλν−∂νΓρλµ+ΓραµΓαλν−ΓρανΓαλµ, Ricci tensor
Rµν ≡ Rαµαν , Ricci scalar R ≡ gµνRµν , and Einstein
tensor Gµν ≡ Rµν −Rgµν/2.
II. WHY 4G IS GOOD?
What kind of gravity theory is good? In this pa-
per, we emphasize three criteria. Firstly, the theory
can explain the late-time acceleration without suffering
from the coincidence and fine-tuning problems. Secondly,
the theory can explain the dynamics of solar system.
More specifically, we expect solar system is described by
Schwarzschild metric. Finally, we hope the gravity is
massless, which means the speed of gravitational waves
equals to c. In addition to these three criteria, we also ad-
mit two points that Einstein considered when construct-
ing general relativity: Gravity should be a metric theory
to explain the weak equivalence principle; energy and
momentum conservation can be derived from the field
equations.
An action corresponds to a gravity theory. The general
form of the action is
S =
∫
d4x
√−gLG + Sm. (1)
Note that δSm =
∫
d4x
√−gTµνδgµν/2 [39]. In this pa-
per, we only consider the perfect fluid, whose energy-
momentum tensor Tµν = (ρ+ p/c
2)uµuν + pgµν , where ρ
is density, p is pressure. The variational method ensures
energy conservation can be derived from the field equa-
tions. We completely abandon Einstein-Hilbert term in
the Lagrangian, because it leaves a second-order differ-
ential term in the field equations. In order to obtain pure
fourth-order field equations, the simplest Lagrangian is
LG = 1
4ζ
R2, (2)
where ζ is the coupling constant with dimension of
s2 · kg−1 · m−3. Palatini formalism is not in our con-
sideration because the corresponding field equations are
not suitable for describing low energy gravity [8]. Using
metric formalism in the f(R) theories, we obtain the field
equations (see [7, 8] or Eq. (286) and Eq. (288) in [10])
Fµν ≡ RRµν − gµν
4
R2 − [∇µ∇ν − gµν]R = ζTµν . (3)
However, Eq. (3) also cannot be used to describe low
energy gravitational systems, e.g. solar system. The rea-
son is here. On the one hand, contraction of Eq. (3)
gives 3R = ζT . On the other hand, for the static
weak gravitational systems, the only non-zero energy-
momentum tensor is T00 = ρc
4 (see Sec. III A for de-
tails) and there should be a time-independent solution
for the field equations. The first two terms of Eq. (3)
contribute nothing to the linear approximation as the
background is Minkowski metric. Then 00 component
gives −c2R = ζρc4, i.e. R = T . This is contrary to
the general result. Therefore, Eq. (3) does not represent
a good gravity theory.
The flaw of Eq. (3) is that only R, not 4 × 4 geomet-
ric components, appears in the linearized field equations.
We can choose other Lagrangian to solve this problem.
One simple choice is
LG = 1
2ζ
RµνR
µν . (4)
Variation of the action with respect to gµν gives the field
equations (see [40] or Eqs. (368–372) in [10])
Hµν ≡ Rµν + gµν
2
R−∇µ∇νR
− 2RαµνβRαβ − gµν
2
RαβR
αβ = ζTµν . (5)
Energy and momentum conservation in curved spacetime
can be derived from the above equations, which means
test particles move along the geodesic [39]. We only in-
troduce one parameter ζ into the field equations, which
will be determined by Newtonian approximation. Before
that, we first discuss the good properties of Eq. (5) in
cosmology, gravitational waves, and local gravitational
systems.
A. Cosmology
The cosmological principle states the universe is ho-
mogeneous and isotropic. In addition, we assume the
universe is flat. Then the universe could be described by
the flat Friedmann-Lemaˆıtre-Robertson-Walker (FLRW)
metric
ds2 = −c2dt2 + a2dr2, (6)
where dr2 = dx2 + dy2 + dz2, and a = a(t) is the
scale factor of the universe. The corresponding energy-
momentum tensor T00 = ρc
4, T0i = 0 and Tij = δijpa
2.
We search for the power law cosmology with
a = a0
(
t
t0
)n
. (7)
Substituting Metric (6) into Eq. (5), 00 and 11 compo-
nents give [41]
−18n
2(2n− 1)
c2t4
= ζρc4, (8)
6a2n(6n2 − 11n+ 4)
c4t4
= ζpa2, (9)
3respectively. In principle, we can directly determine the
value of n according to energy conservation and Eq. (8).
But in order to verify the correctness of the Maple Pro-
gram [41], we adopt the calculation completely based on
the gravitational field equations.
Solving Eq. (9) gives n = 4/3 for the pressureless mat-
ter, which means the expansion of the matter-dominated
universe is accelerating. This solution corresponding to
ρ ∝ a−3, i.e. energy conservation. Comparing power
law cosmology with ΛCDM model, observations may fa-
vor the latter one [29]. However, the power law cosmol-
ogy with a ∝ t4/3 does fit the data well if we only look
at the value of χ2min/d.o.f. (see the constraint results in
[28, 29]). In this paper, we tacitly approve a ∝ t4/3
can successfully explain the observed late-time acceler-
ation, and do not care more details about cosmological
parameter constraints. From a theoretical point of view,
a ∝ t4/3 can naturally solve the coincidence problem. No
parameter related to H0 introduced in Eq. (5) and the
fine-tuning problem disappears in this theory. Combined
with n = 4/3, Eq. (8) gives ζ < 0.
For radiation, p = ρc2/3 and the solution of Eq. (9) is
n = 1, which corresponds to ρ ∝ a−4 as we expected. We
can use a ∝ t in the radiation-dominated era to solve the
horizon problem2. However, the flatness problem is still
puzzling if we completely abandon the inflation period
[42].
B. Gravitational waves
In general, adding R2 or RµνR
µν terms to the Einstein-
Hilbert action always makes the gravity to be massive
[10]. For example, in the f(R) = R+αR2 theory, contrac-
tion of the vacuum field equations gives (−m20)R = 0,
where m20 = 1/(6α). This result indicates the existence of
a massive gravitational wave component [43]. However,
things changed if we only retain RµνR
µν term in the La-
grangian. Using the antisymmetric property of Riemann
tensor Rαµνβ = −Rµανβ , we obtain gµνRαµνβRαβ =
−RαβRαβ . So in vacuum, contraction of Eq. (5) gives
R = 0, (10)
which means this gravity is massless and the speed of
gravitational waves equals to c. A single gravitational
wave event could give tight bound on the graviton mass
through dispersion observations [44]. The joint obser-
vations of gravitational waves and their electromagnetic
counterparts can give a strong limit on the absolute speed
2 Horizon problem arises from the classical Big Bang cosmology
cannot explain the homogeneity of the cosmic microwave back-
ground temperature in the causally disconnected space regions.
If a ∝ t for the radiation-dominated era, then the whole region
of the last scattering surface observed at today is causally con-
nected at early time.
of gravitational waves [45]. From a theoretical point of
view, we can fully believe gravity is massless and the
speed of gravitational waves equals to c, otherwise a small
parameter is needed, which may lead to a new fine-tuning
problem.
C. Solar system: Schwarzschild metric
General relativity has achieved great success in solar
system [46]. But be aware that most of current tests
can only be regarded as a verification of Schwarzschild
metric. Thus, for the first step, it is crucial to judge
whether Schwarzschild metric is a solution for Eq. (5).
Fortunately, Rµν = 0 represents a special kind of solution
for Eq. (5), i.e. Schwarzschild metric is still an exact
vacuum solution. However, it is not enough that just
proving Schwarzschild metric is an exact solution. The
problem is in many massive gravity theories, solar system
is not described by Schwarzschild metric, even though
it is an exact vacuum solution. What we need is not
only to prove Schwarzschild metric is an exact solution,
but also to prove the weak field approximation solution
is consistent with Schwarzschild metric3. Here we use
f(R) = R+αR2 theory to clarify this statement. In this
theory, the Newtonian gravitational potential for a point
mass can be written as (see Eq. (307) in [10])
Φf(R) =
c1
r
·
(
1 +
1
3
e−m0r
)
. (11)
where c1 is constant. In contrast, the Newtonian gravi-
tational potential in 4G is (see Sec. III B)
Φ4G =
c1
r
. (12)
Linearizing Schwarzschild metric, we obtain the cor-
responding Newtonian gravitational potential ΦSch =
−GM/r, where M is the total mass. Note that New-
tonian potential is related to the perturbation of g00 (see
Sec. III A). It is clear to see that Φf(R) is not consis-
tent with the linearized Schwarzschild metric. There-
fore, in f(R) = R+ αR2 theory, solar system should not
be described by Schwarzschild metric. However, Φ4G is
consistent with the linearized Schwarzschild metric. Tak-
ing into account these discussions, we believe solar sys-
tem should be described by Schwarzschild metric in the
framework of 4G.
III. NEWTONIAN APPROXIMATION
Whether or not a gravity theory can be accepted de-
pends largely on the performance of its weak field ap-
proximation. The analysis of weak field approximation
3 In general relativity, Birkhoff theorem also guarantees solar sys-
tem should be described by Schwarzschild metric. But for a
general gravity theory, one must analyze these two issues.
4not only helps to pick out the right vacuum solution for a
real gravitational system as we discussed in the last sec-
tion, but also helps to determine the value of the coupling
constant in the field equations. In this section, we first
review the Newtonian approximation in general relativity
and then analyze the case of 4G.
A. General relativity
Newtonian approximation of general relativity has
been widely exist in the literatures [39, 47]. We just re-
state the main results. The motivation for doing this
is mainly to find out which hypothesis can be made
in the Newtonian approximation analysis, so as not to
make a wrong assumption in 4G. We write the metric as
gµν = g¯µν+hµν . The bar represents the background met-
ric and its related quantity; hµν is the perturbation and
satisfies hµν = hνµ. Based on the definition, we obtain
δRµν ≡ Rµν(g)−Rµν(g¯)
=
1
2
(−¯hµν − ∇¯µ∇¯νhαα + ∇¯µ∇¯αhαν + ∇¯ν∇¯αhαµ
−2R¯α βµ νhαβ + R¯αµhαν + R¯ανhµα
)
, (13)
δR ≡ R(g)−R(g¯)
= −¯hαα + ∇¯α∇¯βhβα − R¯αβhαβ , (14)
where ∇¯α is the covariant derivative defined on g¯µν ,
∇¯α ≡ g¯αβ∇¯β , ¯ ≡ ∇¯α∇¯α, and hµν ≡ g¯µαhαν . So far,
we have not set any limits on the background metric.
In the Newtonian approximation analysis, we can choose
Minkowski metric as the background.
Here we first analyze the motion of test particles. In
the Minkowski background, combined with the weak field
and low speed approximation, geodesic equation gives
[47]
d2xi
dt2
≈ 1
2
∂h00
∂xi
. (15)
A key point in the derivation is ∂0h0i  ∂ih00, which
would limit the math form of the gauge. Note that Eq.
(15) is only valid in Cartesian coordinates. Combined
with Newtonian mechanics, we obtain the Newtonian po-
tential Φ(~x) = −h00/2+const. Without loss of generality,
we can set this constant to zero.
Now we back to Einstein field equations. The first
step is to simplify the energy-momentum tensor. The
source is assumed to be static. Combined with the weak
field assumption (density and pressure are small), we can
adopt the four-velocity uµ = (1, 0, 0, 0). In order to keep
the source static, pressure should exist to resist grav-
ity. However, pressure term is a higher-order infinitesi-
mal because p/c2  ρ. This is consistent with the fact
that pressure does not contribute to Newtonian gravity.
So at linear level, the only non-zero energy-momentum
tensor is T00 = ρc
4. dρ/dt = 0 represents energy conser-
vation. Next, we search for the relation between h00 and
ρ. Because ∇νGµν = 0, only six of ten field equations
are independent of each other. This allows us to add
four restrictions: ∇¯νhνµ = 0, which greatly simplify the
expressions of δRµν and δR. However, G00 = κT00 still
cannot give what we want, because hαα 6= 0. Note that
we are not allowed to set hαα 6= 0, otherwise one would
obtain ρ ∝ T ∝ R = 0 based on Eq. (14). In order
to eliminate hαα, we should contract the field equations.
Equivalently, we can start from Einstein equations in the
form of Rµν = κ(Tµν − Tgµν/2). Because the source
is static, we can assume there exist a time-independent
solution for hµν . Combined with Eq. (13), the 00 com-
ponent of the field equations gives
−∆h00 = κρc4, (16)
where ∆ is the Laplace operator. Combined with Poisson
equation ∆Φ = 4piGρ and Φ = −h00/2, we obtain κ =
8piG/c4 in general relativity.
The above analysis gives the equation that h00 satis-
fies without any information about hiµ. There is a more
straightforward method of computation: Using an ex-
plicit perturbation form, i.e. a specific gauge, to directly
simplify the gravitational field equations. A widely used
gauge is the Newtonian gauge with a constant scale factor
in the FLRW metric [10]
ds2 = −c2(1 + 2Φ/c2)dt2 + (1− 2Ψ/c2)dr2, (17)
where Φ = Φ(~x) and Ψ = Ψ(~x). If we set Ψ = Φ, then
Giµ = 0 = κTiµ, and the 00 component gives the Poisson
equation. If we further set Φ = −GM/r, then Gauge
(17) is equivalent to the linearized Schwarzschild metric.
In general, Ψ 6= Φ for the massive gravity theories (see
examples illustrated in [10]). Therefore, in these theo-
ries, Gauge (17) cannot be consistent with the linearized
Schwarzschild metric. This could be regarded as a sup-
plementary solution to the issue we discussed in Sec. II C:
In a massive gravity, why solar system is not described
by Schwarzschild metric, while it is an exact vacuum so-
lution?
Another gauge worth mentioning is the synchronous-
like gauge4, in which h00 = 0. What is wrong with
Eq. (15) if h00 = 0? First of all, we declare there
is no contradiction in the theory. To explain this, we
start from the linearized Schwarzschild metric ds2 =
−c2(1 − rs/r)dt2 + (1 + rs/r)dr2 + r2dΩ2, where rs is
the Schwarzschild radius. Taking coordinate transfor-
mation about time t → t˜ = [1 − rs/(2r)]t, we obtain
ds2 = −c2dt2 + c2trs/r2dtdr + (1 + rs/r)dr2 + r2dΩ2,
in which we rewrite t˜ as t. Transforming spherical coor-
dinates into Cartesian coordinates does not change any-
thing about what we cares. In this form h00 = 0. But
4 Synchronous gauge has been widely used in cosmological pertur-
bation analysis [48], in which h0µ = 0. Here we only discuss the
special case with h00 = 0.
5h0i depends on time, which is contrary to the assumption
we made when deriving Eq. (15). Previous contradiction
stems from we apply incompatible assumptions into one
analysis. For a static gravity source, it is naturally to
believe that there exist a time-independent solution for
the field equations. Eq. (15) indicates once hµν are in-
dependent of time is assumed, we can no longer assume
h00 = 0.
B. RµνR
µν gravity
Now we study the static weak gravitational field sys-
tems in 4G. For the source, the only non-zero energy-
momentum tensor is T00 = ρc
4. Minkowski metric is still
an exact vacuum solution for Eq. (5), and we can choose
it as background. In the last subsection, we introduced
two methods to linearize Einstein field equations: One
is finding a general expression of δRµν , and the other
one is directly calculating Einstein tensors with Gauge
(17). Here we take the calculation more straightforward
method, i.e. simplify Eq. (5) with a specific gauge. But
one thing should keep in mind is that the choice of gauge
may depends on the gravity theory. Gauge (17) with
Ψ = Φ may not work for Eq. (5). The desired gauge
should satisfy the following four criteria:
1. Metric perturbation is independent of time;
2. h00 = −2Φ;
3. Hiµ = 0 is automatically established at linear level;
4. In areas far from the source, the gauge is consistent
with the linearized Schwarzschild metric.
Here we would like to discuss more about the fourth cri-
terion. Schwarzschild metric is obtained from solving
Einstein equations. This metric has been widely tested
through various observations [46], or at the linear level,
observations show the ratio Ψ/Φ is very close to 1 [49, 50].
In our opinion, Einstein field equations can be completely
abandoned, but Schwarzschild metric should be retained.
As we discussed in Sec. II C, in order for solar system to
be described by Schwarzschild metric, two conditions are
necessary: Schwarzschild metric is an exact vacuum so-
lution; weak field approximation solution is equivalent
to the linearized Schwarzschild metric. This is why we
demand the fourth criterion.
Substituting Gauge (17) into Eq. (5), we find Hiµ =
Ôiµ(Φ − 3Ψ) [41], where Ôiµ is differential operator.
Therefore, setting Ψ = Φ/3 will satisfy the third cri-
terion. However, this result violates the fourth criterion.
Fortunately, we find that adding 1/r to the diagonal does
not affectHµν [41]. The linearized geodesic equation does
not allow us to add extra 1/r term to g00. Therefore, in
order to meet the fourth criterion, we can write the gauge
as
ds2 = −c2(1 + 2Φ
c2
)dt2 + (1− 2Φ
3c2
+
4GM
3c2r
)dr2, (18)
where M is the total mass of the local gravitational sys-
tem. However, Gauge (18) is not a good gauge due to the
divergence of 1/r at r = 0. We will solve this problem
in the next section. As a preview, we construct new field
equations and Gauge (17) with Ψ = Φ is valid in the cor-
responding Newtonian approximation analysis. For now,
Gauge (18) is enough for us to discuss a lot of things.
Substituting Gauge (18) into Eq. (5), 00 component
gives the linearized gravitational field equation [41]
4
3
∆2Φ = ζρc4, (19)
where ∆2 = ∆∆. For a spherically symmetric system,
the above equation can be simplified to
d4Φ
dr4
+
4
r
d3Φ
dr3
=
3ζc4
4
ρ. (20)
The vacuum solution is
Φ(r) =
c1
r
+ c2 + c3r + c4r
2, (21)
where ci is constant. The first term could be used to
recover Newton’s gravity. The second term is a constant
and can be neglected. The real physical solution should
vanish at infinity. This boundary condition at infinity
has been used to suppress the exp(+m0r) term in the
f(R) = R+αR2 theory [51]. For Eq. (21), we have c3 = 0
and c4 = 0. Now, we focus on constructing a physical
scenario makes Eq. (19) and Newton’s gravity equivalent.
Obviously, Eq. (19) is not equivalent to Poisson equation.
However, as we will see, Poisson equation is not necessary
for recovering Newtonian gravity. The 1/r term appears
in Eq. (21) indicates recovering Newton’s gravity from
Eq. (19) is possible.
Before dealing with Eq. (19), here we discuss how
to determine the coupling constant in Poisson equation.
The Poisson equation can be written as ∆Φ = Aρ, where
A is the coupling constant. To determine A, a rigorous
way is to compare the Green function solution with the
desired expression of Newtonian potential for a continu-
ously distributed source. A simpler method is to solve
Poisson equation for a specific matter density distribu-
tion, and then tuning A to obtain the desired Newto-
nian potential for distant areas. For example, we can as-
sume the density satisfies a spherically symmetric three-
dimensional normal distribution
ρ(r) =
M
(2pi)3/2σ3
exp(− r
2
2σ2
), (22)
where M is the total mass and σ is a positive constant in
dimension of meter. We expect Φ approach to −GM/r
as r goes to infinity. Solving Poisson equation gives
Φ = −AM
4pir
erf(
r√
2σ
) +
c1
r
+ c2, (23)
where erf(x) is the error function. When r → 0, the
first term just contributes one constant due to erf(x) =
62/
√
pi(x − x3/3 + x5/10 − · · · ). In order for Φ(r) to be
continuous at r = 0, we should set c1 = 0. The constant
term can be neglected. We know limx→+∞ erf(x) = 1.
Then the above solution gives Φ = −AM/(4pir) for large
r. Compared to the desired Newtonian potential Φ =
−GM/r, we know A = 4piG, which is exactly the result
given by Green function method.
Now we apply the above method to Eq. (19). The
general solution for ∆2Φ = Aρ with Eq. (22) is
Φ =− AMr
8pi
erf(
r√
2σ
)− AMσ
2
8pir
erf(
r√
2σ
) +
c1
r
−
√
2AMσ
8pi3/2
exp(− r
2
2σ2
) + c2 + c3r + c4r
2. (24)
The boundary condition at infinity gives c3 = AM/(8pi)
and c4 = 0. When r is large, the r term could be com-
pletely abandoned due to [1 − erf(x)]x  1/x. In order
for Φ(r) to be continuous at r = 0, we should also set
c1 = 0. The constant term can be neglected. Thus, in
the areas away from the center, the above solution can
be simplified to
Φ = −AMσ
2
8pir
. (25)
Compared to the desired Newtonian potential, we obtain
Aσ2/(8pi) = G, i.e. ζ = 32piG/(3c4σ2). Note that A =
3ζc4/4 in Eq. (25). This result indicates ζ > 0, which
is contrary to the result given by Eq. (8). We will solve
this problem in the next section.
ζ can be regarded as a fundamental physical constant
that represents the coupling strength between matter and
spacetime. σ is just a parameter we introduced artifi-
cially in Eq. (22). Then one problem arises, what is
wrong with ζ = 32piG/(3c4σ2)? Before answering this
question, we return to Eq. (25), which is proportional to
σ2. This result seems to mean that Newtonian gravity
depends not only on mass but also on density dispersion
(or size). However, two facts make us believe that this
conclusion does not hold for macroscopic objects. One is
a theoretical consideration: The macro interpretation of
Φ ∝ σ2 is contrary to the microscopic interpretation to be
introduced in the next paragraph. Microscopic physical
mechanism should be more basic, and macroscopic law
should not be contrary to the microscopic mechanism.
The other fact comes from the experiment. If Φ ∝ σ2
is valid for macro objects, then the value of G measured
by ground-based experiments should depend on the ele-
mental composition, density, and size etc. However, cur-
rent experiments does not find this dependency [52–58].
Therefore, we conclude Φ ∝ σ2 does not apply to macro
objects.
What if Φ ∝ σ2, i.e. Eq. (25), is only valid for mi-
croscopic particles? Keeping this idea in mind, here we
propose a physics scenario that recovers Newton’s law of
universal gravitation from Eq. (19) and Eq. (25). As
illustrated in Fig. 1, matter is composed of fundamental
particles. Different particles may own different m and
σ2. The Newtonian potential for each particle is calcu-
lated by Eq. (25). For simplicity, we assume particles are
distributed spherically symmetric in space and localized
in a certain size. Eq. (19) is a linear differential equa-
tion, which allows us to add Newtonian potential of each
particle to obtain the total gravitational potential
Φ(r) = −
∑
i
3ζc4miσ
2
i
32pi|r− ri| = −
GM
r
, (26)
where i sum over all particles, the second equality is only
valid outside, M =
∑
imi, and
G =
3ζc4〈σ2i 〉
32pi
=
3ζc4
32piM
∑
i
miσ
2
i . (27)
The above formula means G is an average value, not a
fundamental physical constant. In addition, Eq. (27)
depends on the specific mathematical form of Eq. (22).
However, different forms are just changing a dimension-
less constant. If we further assume fundamental particles
share same proportion in various macro objects, then the
measured value of G should be independent of elemen-
tal composition (at atomic level), density, and size etc.
Especially, this assumption is reasonable if we consider
fundamental particles as electrons, quarks, or some more
basic particles. In summary, using the above physical
scenario, we can obtain Newton’s gravity from Eq. (19).
IV. PROBLEMS AND SOLUTIONS FOR EQ. (5)
Until now, all the discussions about 4G is based on
Eq. (5). Two problems has been mentioned before. One
is the divergence problem of Gauge (18) at r = 0. The
other one is Eq. (8) and Eq. (25) gives opposite sign of
ζ. In this section, we construct new gravitational field
equations to solve these two problems.
A general Lagrangian for the fourth-order field equa-
tions can be written as LG = c1R2 + c2RµνRµν +
c3RαµνβR
αµνβ . We can ignore the last term due to the
Gauss-Bonnet theorem. Without loss of generality, we
can fix one coefficient. We set c2 = 1/(2ζ). Tuning c1
may help us achieve our goals. Actually and luckily, it
does work with c1 = −1/(4ζ). For summary, the La-
grangian should be
LG = 1
2ζ
RµνR
µν − 1
4ζ
R2, (28)
and the corresponding field equations are Hµν − Fµν =
ζTµν , i.e.
Rµν − gµν
2
R+ gµν
4
R2 − gµν
2
RαβR
αβ
− 2RαµνβRαβ −RRµν = ζTµν . (29)
The first two terms are just Gµν once we remember
∇αgµν = 0. Here we briefly summarize the good prop-
erties of Eq. (29) in cosmology, gravitational waves, and
local gravitational systems.
7Φ ∼ −1
r
Φ(r) = −
∑
i
3ζc4miσ
2
i
32pi|r− ri|
= −GM
r
Φ =
cblue
r
Φ =
cred
r
+ c2 +
to be zero︷ ︸︸ ︷
c3r + c4r
2=
0
FIG. 1. Illustration of a microscopic mechanism that recover Newton’s law of universal gravitation from 4G. Different colors
represent different fundamental particles, whose mass m and density variance σ2 can be different. The meaning of each symbol
can be found in the main text. For simplicity, we assume the distribution of particles is spherically symmetric. The gravitational
potential generated by each particle is calculated by Eq. (25). Note that r and r2 terms are set to be zero according to the
boundary condition at infinity. The total gravitational potential can be obtained by summing over all the particles, because
Eq. (19) is a linear differential equation.
• Cosmology. Substituting Metric (6) and Eq. (7)
into Eq. (29), we obtain [41]
9n2(2n− 1)
c2t4
= ζρc4, (30)
−3a
2n(6n2 − 11n+ 4)
c4t4
= ζpa2. (31)
This gives a ∝ t4/3 for the matter-dominated uni-
verse, and a ∝ t for the radiation-dominated uni-
verse. In the view of cosmology, a ∝ t4/3 can
explain the late-time acceleration without suffer-
ing from the coincidence and fine-tuning problems.
a ∝ t can solve the horizon problem exist in the
classical Big Bang cosmology. However, a ∝ t
cannot solve the flatness problem. Eq. (30) gives
ζ > 0.
• Gravitational waves. In the vacuum region, con-
traction of Eq. (29) gives R = 0. This means
4G is massless and the speed of gravitational waves
equals to c.
• Schwarzschild metric. Firstly, Schwarzschild met-
ric is still an exact vacuum solution. Secondly,
Gauge (17) with Ψ = Φ satisfies the four condi-
tions listed in Sec. III B and is applicable to Eq.
(29). These two reasons make us believe that solar
system should still be described by Schwarzschild
metric in 4G (see more discussions in Sec. II C
and Sec. III). Substituting Gauge (17) with Ψ = Φ
into Eq. (29), we obtain the linearized gravitational
field equation [41]
2∇4Φ = ζρc4. (32)
Executing a calculation similar to Eq. (19), we
get ζ = 16piG/(c4σ2). A more rigorous expression
similar to Eq. (27) is G = ζc4〈σ2i 〉/(16pi). This
result shows ζ > 0, which is consistent with the
cosmological result. Section III B describes a phys-
ical scenario that allows us to recover Newton’s law
of gravity from Eq. (32).
V. CONCLUSIONS AND DISCUSSIONS
In this paper, we propose 4G — a gravity theory with
pure fourth-order differential equations. Eq. (29) is the
core of this paper. In 4G, material-dominated universe
can explain the late-time acceleration without suffering
from the coincidence and fine-tuning problems. The
horizon problem disappears in the radiation+matter uni-
verse. 4G predicts the speed of gravitational waves equals
to c. We present a full consistent perturbation analysis
around the Minkowski background and show 4G do can
recover Newton’s law of universal gravitation in the weak
field limit.
It is possible to extend 4G. In the framework of 4G, one
can add terms likeR [59] to the Lagrangian. For higher-
order theories, one can try LG = 2R or RµνRµν etc.
However, LG = R3 is forbidden because perturbation of
the corresponding field equations in the Minkowski back-
ground cannot give linear differential equations. Note
that the linearity of Eq. (32) is critical to recovering
Newtonian gravity.
Here we would like to discuss more about the status of
current gravity research. Conservatively speaking, there
are hundreds of modified gravity theories. Some of them
introduce a scalar field in the Lagrangian, e.g. Brans-
Dicke theory [17], while some of them just modify the
8geometry part, e.g. f(R) theory [7, 8]. A new scalar
field may be popular in high-energy physics, but it may
not be in gravity research (see the comment of Hawk-
ing and Ellis [60]). For the theory that just modify the
geometry part, generally, in addition to a parameter re-
lated to G, there are other parameters related to H0 in
the Lagrangian. Observational constraints can determine
the values of these parameters. But a more elegant way
should be to determine these parameters based on the
theory’s own considerations. f(R) cannot do this, while
Lagrangian (28) can. The key is we demand gravity the-
ory should adopt Gauge (17) with Ψ = Φ. This is rea-
sonable, because observations do impose strong limit on
the deviation of Ψ = Φ [49]. From a theoretical point
of view, we can trust Ψ = Φ and use it to pick out the
beautiful gravity theory.
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4G: Pure fourth-order gravity
Supplementary Material
Shuxun Tian
This document provides the Maple (version: 2015.0) program that used to simplify Eq. (29). The program for Eq.
(5) can be easily obtained by modifying the existing examples. Section I is dedicated to calculating Eq. (30) and Eq.
(31). Section II shows how to modify the code to calculate Eq. (32).
I. COSMOLOGY
Code:
1 F:=proc(muout ,nuout)
2 # return the muout -nuout component of Eq. (29) in the main text
3 # in comments , $$ means the LaTeX grammar
4 local c,a0 ,t0 ,alpha ,beta ,lambda ,mu ,nu ,rho ,coords ,g,ginv ,gpartial ,Chsym ,Rie ,Ric ,R,DR ,DDR
,BoxR ,DRic ,DDRic ,BoxRic ,H4 ,H5 ,Huv ,Fuv ,HminusF ,r1 ,r2 ,r3;
5 coords :=[x,y,z,t];
6 # g[mu,nu]=$g_{\mu\nu}$
7 g:= Matrix (4,4,0);
8 g[1 ,1]:=(a0*(t/t0)^n)^2;
9 g[2 ,2]:=g[1,1];
10 g[3 ,3]:=g[1,1];
11 g[4,4]:=-c^2;
12 # ginv[mu,nu]=$g^{\mu\nu}$
13 ginv:= MatrixInverse(g);
14 # gpartial[mu ,nu ,alpha]=$\partial_\alpha g_{\mu\nu}$
15 for mu from 1 to 4 do
16 for nu from 1 to 4 do
17 for alpha from 1 to 4 do
18 gpartial[mu,nu,alpha ]:= diff(g[mu,nu],coords[alpha ]);
19 end do;end do;end do;
20 # Chsym[lambda ,mu ,nu]=$\Gamma^\ lambda_ {\mu\nu}$
21 for lambda from 1 to 4 do
22 for mu from 1 to 4 do
23 for nu from 1 to 4 do
24 Chsym[lambda ,mu ,nu ]:=1/2* add(ginv[lambda ,alpha ]*( gpartial[mu ,alpha ,nu]+ gpartial[
nu,alpha ,mu]-gpartial[mu ,nu ,alpha]),alpha =1..4);
25 end do;end do;end do;
26 # Rie[rho ,lambda ,mu ,nu]=$R^\rho_{\ \lambda\mu\nu}$
27 for rho from 1 to 4 do
28 for lambda from 1 to 4 do
29 for mu from 1 to 4 do
30 for nu from 1 to 4 do
31 r1:=add(Chsym[rho ,alpha ,mu]*Chsym[alpha ,lambda ,nu],alpha =1..4);
32 r2:=add(Chsym[rho ,alpha ,nu]*Chsym[alpha ,lambda ,mu],alpha =1..4);
33 Rie[rho ,lambda ,mu ,nu]:= diff(Chsym[rho ,lambda ,nu],coords[mu])-diff(Chsym[rho ,
lambda ,mu],coords[nu])+r1 -r2;
34 end do;end do;end do;end do;
35 # Ric[mu,nu]=$R_{\mu\nu}$
36 # R is the Ricci scalar
37 R:=0;
38 for mu from 1 to 4 do
39 for nu from 1 to 4 do
40 Ric[mu ,nu]:= add(Rie[alpha ,mu ,alpha ,nu],alpha =1..4);
41 R:=R+ginv[mu,nu]*Ric[mu ,nu];
42 end do;end do;
43 # DR[nu]=$\nabla_\nu R$
44 for nu from 1 to 4 do
45 DR[nu]:= diff(R,coords[nu]);
46 end do;
47 # DDR[mu,nu]=$\nabla_\mu\nabla_\nu R$
S2
48 # BoxR=$\Box R$
49 BoxR :=0;
50 for mu from 1 to 4 do
51 for nu from 1 to 4 do
52 r1:=add(Chsym[lambda ,mu,nu]*DR[lambda],lambda =1..4);
53 DDR[mu ,nu]:= diff(DR[nu],coords[mu])-r1;
54 BoxR:=BoxR+ginv[mu,nu]*DDR[mu,nu];
55 end do;end do;
56 # H4[mu,nu]=$R_{\ alpha\mu\nu\beta}R^{\ alpha\beta}$
57 for mu from 1 to 4 do
58 for nu from 1 to 4 do
59 H4[mu ,nu ]:=0;
60 for rho from 1 to 4 do
61 for lambda from 1 to 4 do
62 for beta from 1 to 4 do
63 H4[mu ,nu]:=H4[mu,nu]+ginv[lambda ,beta]*Rie[rho ,mu,nu,beta]*Ric[rho ,lambda ];
64 end do;end do;end do;end do;end do;
65 # H5=$R_{\alpha\beta}R^{\ alpha\beta}$
66 H5:=0;
67 for rho from 1 to 4 do
68 for lambda from 1 to 4 do
69 for alpha from 1 to 4 do
70 for beta from 1 to 4 do
71 H5:=H5+ginv[rho ,alpha ]*ginv[lambda ,beta]*Ric[alpha ,beta]*Ric[rho ,lambda ];
72 end do;end do;end do;end do;
73 # DRic[mu,nu ,beta]=$\nabla_\beta R_{\mu\nu}$
74 for mu from 1 to 4 do
75 for nu from 1 to 4 do
76 for beta from 1 to 4 do
77 r1:=add(Chsym[lambda ,beta ,mu]*Ric[lambda ,nu],lambda =1..4);
78 r2:=add(Chsym[lambda ,beta ,nu]*Ric[mu,lambda],lambda =1..4);
79 DRic[mu ,nu ,beta ]:= diff(Ric[mu,nu],coords[beta])-r1-r2;
80 end do;end do;end do;
81 # DDRic[mu ,nu ,alpha ,beta]=$\nabla_\alpha\nabla_\beta R_{\mu\nu}$
82 # BoxRic[mu ,nu]=$\Box R_{\mu\nu}$
83 for mu from 1 to 4 do
84 for nu from 1 to 4 do
85 BoxRic[mu,nu]:=0;
86 for alpha from 1 to 4 do
87 for beta from 1 to 4 do
88 r1:=add(Chsym[lambda ,alpha ,mu]*DRic[lambda ,nu,beta],lambda =1..4);
89 r2:=add(Chsym[lambda ,alpha ,nu]*DRic[mu,lambda ,beta],lambda =1..4);
90 r3:=add(Chsym[lambda ,alpha ,beta]*DRic[mu,nu,lambda],lambda =1..4);
91 DDRic[mu,nu,alpha ,beta ]:= diff(DRic[mu ,nu ,beta],coords[alpha])-r1 -r2 -r3;
92 BoxRic[mu,nu]:= BoxRic[mu,nu]+ginv[alpha ,beta]*DDRic[mu,nu,alpha ,beta];
93 end do;end do;end do;end do;
94 # muout -nuout component of the field equations
95 # Huv for Eq. (5); Fuv for Eq. (3); HminusF for Eq. (29)
96 Huv:= BoxRic[muout ,nuout ]+1/2*g[muout ,nuout]*BoxR -DDR[muout ,nuout]-2*H4[muout ,nuout
]-1/2*g[muout ,nuout]*H5;
97 Fuv:=R*Ric[muout ,nuout]-g[muout ,nuout]*R^2/4-DDR[muout ,nuout]+g[muout ,nuout]*BoxR;
98 HminusF := BoxRic[muout ,nuout ]-1/2*g[muout ,nuout]*BoxR +1/4*g[muout ,nuout ]*R^2 -1/2*g[muout
,nuout ]*H5 -2*H4[muout ,nuout]-R*Ric[muout ,nuout];
99 return(simplify(HminusF));
100 end proc:
Examples:
> with(LinearAlgebra):
> Code. #paste the Code here, and press Enter
> F(4,4)# 00 component
9n2(2n− 1)
c2t4
(1)
S3
> F(1,1)# 11 component
−3a
2
0n(6n
2 − 11n+ 4)
c4t4
·
(
t
t0
)2n
(2)
II. NEWTONIAN APPROXIMATION
Code:
F:=proc(muout,nuout)1
· · · # ellipsis indicates the code in these lines remains unchanged
g[1,1]:=1-2*epsilon*Phi(x,y,z)/c^2; #epsilon is a math infinitesimal used to do Taylor expansion8
· · ·
g[4,4]:=-c^2(1+2*epsilon*Phi(x,y,z)/c^2);11
· · ·
return(simplify(taylor(HminusF,epsilon,2)));99
end proc:100
Examples:
> with(LinearAlgebra):
> Code. #paste the Code here, and press Enter
> F(4,4)# 00 component(
2
∂4Φ
∂x4
+ 2
∂4Φ
∂y4
+ 2
∂4Φ
∂z4
+ 4
∂4Φ
∂x2∂y2
+ 4
∂4Φ
∂x2∂z2
+ 4
∂4Φ
∂y2∂z2
)
ε+O(ε2) (3)
> F(1,1)# 11 component
O(ε2) (4)
